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■  Go  Electro(iynsrriic  equatioas  of  magnetic  hydrodynamics  hare  the 
form  l_  %J 


divH«0,  -^  =  n>tfTxHl+-^™AH  (1.1) 

where  R  is  magnetic  field  vector,  v  -  velocity  vector  of  the  conduct- 
ing  fluid,  <r  -  conductivity,  c  -  velocity  of  light, 

Electric  current  density 

Let  us  consider  steady,  axially  syEsastrical ,  meridian  flow.s  in, 
which  the  tangential  components  of  the  velocity  and  currents  is  absent 

r^  =  0,  j»==0  (1.3) 

Making  use  of  condition  (1,3)*.  obtain  from  equation  (.1,1) 
the  following  relations; 

—  ^  (1.4) 

a(p^^)  ^  c*  .  1  //,  ,  9^H^\ 

‘  dr  4«o  V  df*  r  dr  p*  i  J  i  > 


In  the  case  of  the  meridian  flow  of  an  incompressible  fluid  at 
the  velocity  ^  (for  example  g  between  tv;o  coaxial  cylinders  with 
radii  a  and  b)  we  arrive  at  the  system  of  equations 


»x 


H,  «=  0,  //x  =  0 

1  i  \  /  e«  X 

2  dx*  2  I  3r*  r  <fr  r*  J  V  2*«P®  / 


(1.6) 

(1.7) 


'and  the  e-juations  of  motion  will  be  written  in  the  form 


dr  /  ’ 


dp 

dx 


‘  H 


{!.8) 


In  the  plane  ease,  eq.uations  are  simultaneous  when  H  is 

arbitrary..  In  the  axially  sj^ietrical  case  this  is  aehiSTed  approx¬ 
imately  when  the  values  of  Vi^r  are  small. 

¥8  seek  the  solution  of  ecpuetion  (1*7)  Fourier  method  in  the 

fom 


fh(T,  r)^X{x)R{r) 


(J.Sa) 


Computations  give  )( 

/?  (r)^  CJi  (Kr) + DY ,  (Xr)  ( Xj.j  = 


(1.9) 


where  J,  ,  are  Bessel  functions  of  the  first  order,  of  the  first  and 
second  Rind.. 

In  addition,  the  linear  function  of  the  radius  ^  Kr  satis¬ 
fies  eciuatlon  (1,8) ►  Therefore,  the  solution  may  b®  written  in  the 
form  „ 

CO 

4«*i 

Ttio  va.lues  of  X  i  sre  determined  from  the  boundery  conditions 
of  the  problem^  The  cylinder  surfaces  limiting  the  flow  ara  consid*^ 
ered  to  be  nori--conducting«.  Therefore,  the  density  on  them  of  tha 
raciial  component  of  the  current,  B^ust  equal  aero 

/V{at,  «)  — 0,  /V(j:,  6)==0  (1.11) 


or,  in  accordance  with  (1.2),.  we  will  write  the  boundary  conditions  in 
the  form 


Hence 


(1.12) 


f 


♦ 


2 


Coefficient  E  is  aetermined  by  the  total  axial  current 

/  =  (ia2a) 


i 


Accordirigly  I  sc.lution  is  written  in  the  form 

H^(x^  r)=  2 

is=rl 

-y,().|,i)}-,(X,r)+  r  C’®* 

where  and  are  new  constants  which  are  determined,  for  example > 

"by  the  given  distribution  of  current  in  two  cross  sections. 

Let  us  note  the  effect  of  the  flow  velocity  on  the  flow  of 
electric  current  Ih  the  conducting  fluid.*.  Let  the  electric  current 
flow  off  with  8  nonuniform  density  distribution  over  the  radius  in 
cross  section  «  0  which  has  some  first  system  of  elacrtrodes* 

The  second  electrode  is  located  on  or  on 

which  corresponds  to  the  alectfiO!  current  flowing  off  v/ith  the  flow, 
or  against  the  flow*  Since  and  we  have  from,  the 

boundary  condition  of  the  flow  pararnetera  at  infinity: 

In  the  former  case 


///~exp[(i  +  K(irrsV)|-]  (1.14) 

In  the  latter  case 

//.■~ex,,[(l  +  KT+lW)f.]  (1.‘6) 


i*e.  the  non-uniformity  of  the  current  density  is  attenuated  more 
rapidly  against  the  flow  than  with  the  flow  of  the  fluidic 

V/ith  the  decrease  of  the  relation  (b  •—  a)/r  in  the  limit  we  go 
over  to  the  plane  case  for  vrhich  the  solution  is  exact* 

2*.  Let  us  show  similarly  to  the  welji  known  exact  solutions  for 
the  flows  of  viscous  incompressible  fluid  /  ^that  in  the  ease  of 

the  meridian  flows  of  incompressible  conducting  fluid,  the  efiuatxons 


of  magnetohydrodnamics 


Vx 

dv^ 


i!£ 

dx 


1  *  _  1 
+  Vx-f^  j, 


dx 


V 


_ 

''  dr  B  0r 


^ _ 1_ 

dx  4«p 
i 


H 


y—Hu~ 

r 


dH^ 

» 

1 


dx 


+ 


i!: 

dr 


+  i  =  o 


dr 


ti  r*  / 

(vJU)  +  Y,  (vrff*) «  [-jpr  ^ 


w/,  1 

dr*  '^7 


dr 


dih 


(2.1) 

(2.2) 

(2.3) 


dr*  dr*  '  r  dr 

permit  the  following  class  of  automatically  sealed  solutions:  Inde. 
pendent  variables  and  the  defining  parameters  are  r,  Xt  c.~/cr%  ft 

miJh  rnmm 

Let  U8  consider  in  a  similar  manner  /  J  motions  which  are 
defined  by  parameters  r,  x«  c^/  fT »  f*and,  In  addition,  by  only  one 


3 


dimensional  constant  A 


1-4}  -  (2.5) 

When 

2^2  +  ^1  +  3  =  0  (2.6) 

there  exists  only  one  dimensionless  variable  C  *  x/r. 

*  p  Therefore,  there  exists  on  the  basis  of  the  dimension  theory 
L’J  the  following  class  of  automatically  scaled  solutions^' 

Where  functions  f , ^  ,  P  are  defined  by  the  following  system  of 
ordinary  differential  equations; 

I /'(/ ~  C?) -/?  +  /*'  + i- 0 

— ,jxp._SP'_2P  — (2.9) 
/'-Co'-O 

( 1  +  O' +  (3C  -  /  +  C?)  <!>’ +  2?<l>  =  0 


e*  1 


/fl 


4«0 


4ft<s 


7/(C). 


Let  us  introduce  function  •  f  — which  is  associated  with 
the  function  of  the  current  f'  by  the  relation; 

<|.  =  ri  (/  =  X-tx'.?”-X') 

The  first  one  of  the  equations  (2.9)  “^ay  he  integrated  by  mak¬ 
ing  use  of  the  third  one  of  them.  ¥©  will  obtain 

X(X“'^X')  +  ^+ (2.1!) 

and  will  represent  the  remaining  equations  (2.9)  i»  "the  form 


(1-f  C*)(x*)'  +  C(xT~4)t*-‘I>*  =  -4  T  (2.12) 

(1  4-(;2)<D*  + (3C  — x)‘I‘''*2x'‘l>=0  (2(2) 


1)  It  is  interesting  to  note  that  a  broader  class  of  automatically 
scaled  solutions  with  respect  to  parameter_^i3  od^/r  c<?rrespona§_jto 
the  approximate  statement  of  the  problem  /.  when  R*  >?’l. 


4: 


In  the  dees  of  the  flows  being  considered,  the  6q.uipotential 
surfaces  are  defined  with  the  aid  of  Ohni*s  generalized  lawt 


J± - “—fxWh 

(2.14) 

=  5F  4;^- =«[f* 

(2.15) 

Whence 

* 

(2.16) 

where  U  is  the  potential  of  the  electric  field  E» 

The  direction  of  the  current  aion^  the  rays  passing  through  the 
origin  of  coordinates  is  characteristic  of  the  flows  being  considered. 
Let  US’  examine  some  exasnples. 

Conical  Discharge  in  Unbounded  Medium,  •*  let  the  electrical 
discharge  be  concentrated  in  the  conical  region  (Figure  1)  having  the 
central  angle  of  %  ~  arc  Outaide  the  discharge  region  the  mag- 

lietid  ■afield  coincides  with  the  field  of  the  straight  current 


Then  from  ei^uations  (2.12)  and  (2,13)  follows ’)( whan 
^  <Co  problera  is  reduced  to  the  integration  of  equations 

(.2,12)  and  (2,13)  within  the  conical  region  C  with  the  boundary 


conditions: 

x(Q-/c 

(condition  of  the  continuity  of  the  solution) 

X'(C8)  =  0  (2.18) 

lim<I>(C)C«0,  liB»X  (0^  =  0  when  C—^oo-  (condition  on  the  axis) 

The  relations  cited  cosipletel.y  define  the  solution  and 
determine  the  connection  between  f^  and  I, 

bTien  the  central  angles  of  the  conical  region  are  smell 
.^1),  ws  may  write  the  following  solution  confining  ourselves 
to  the  first  terms  of  the  decomposition  with  respect  to 

®P)=  -^[l  — +  — 3)-^]H-0(C’*) 


5 


F 


1 


Here 

P*-24Co*(/o-ot)K2/„-3«)V  +  «l 


% 


and  is  defined  by  the  relation 


Tb.e  form  of  the  lines  of  the  current  in  such  a  is  sho^’n 

in  Figure  1»  Conical  discharge  prodticea  the  motloti  of  the  fluid 
(ejection).  The  necessity  for  jthe  £ccurrenG6  of  the  ejection  h^s 
been  demonstrated  in  the  work  £5  J  ^ 


Dischc''ir£0  in  a  Conicel  Ch-=’-tinel  with  Hon-Coxiducting 
In  this  case  the  boundary  conditions  hc^re  the  forra 


x(y-o.  (bu^Ki 
limC<I)(i;)«0,  limtx'CQ-O  "P*' 


(2.21) 


and  the  constant  ^  will,  be  by  the  of  the 

impu3.B€^  source  at  the  orlg5-n  of  tho  cocrrdl nates  (.sec  similtarly  in 
£  3  y)»  ’'^ben  ^  one  may  \n’i\e  the  follo’-ics  arr-i’oxi- 

eiate  solutios! 


X  (Q  «  «  +  C  -  V  (e  +  <*)  -li-  +  ® 


a)(C) 


^  1  „  I  a  I  + 1.  -  3)  4-  0  (c-») 


(2.22) 


vrbere 


.=.j4««/=+p(u; 

=  i  [a  (2V  -  1)  -  i/l^(^  ] 


(2.23) 


^  picture  of  tha  current  lines  in  tbe  case  of  an  Imiiulse 
source  of.  zero  pcv/er  is  given  in  Figure  2.  The  flov'  analyzed  is 
chArscteriaed  by  tbe  eccumulstion  of  the  flow  tov'ard  the  axis,  in 
ap'uroxdmate  solution  can  be  Witten  similarly  wtsen  1« 

A  picture  of  the  line  of  tbs  current  is  given  is  Figure  3: 

X  (C)  ==  a  (c  c*)  t  0  (C»),  «>  (C)  ==  fe— g*-  c  +  teC®  +  0  (1=*)]  (2.24) 


« 


6 


xi'here 


b^KI 

a>  =  4[12»’  +  MV  +4V  +  Vl4tVi  (2  25) 


3*  Ttie  analogy  of  the  ©lectrodynaBic  end  ■viscous  flows 
of  a  fluid  is  known,.  In  the  case  of  e  viscous 
fluid,  the  balancing  of  the  parcanctera  of  a 
rotational  flow  corresponds  to  eq,uatioE  (1.7)» 

Let  us  consider,,  for  ejeample,  the  axi¬ 
ally  syn-fluetrical  flow  of  a  viscous  fluid  which 
moves  inside  a  cylindrical  boundary  haviVig 
radiu®.  at  the  constant  longitudinal  velo¬ 

city  Vx=Vj^  without  friction  against  the  isrells.  . 

(The  simplifyiiig  assur.nption  concerning  the  ab-  Figure  2. 

sence  of  friction  against  the  x/alls  Is  achieved 

in  some  cases  in  pi'actice.  For  example,  freely  rotating  walls  are 
used  in  centrifugal  pumps).  From  the  condition  of  continuity 


£ 

dr 


(rtfr)  + 


dx 


=  0 


(3.1) 


Making  use  of  the  conditions 


dVxJdx^O  =  =  0  axial  syrroetry  O.la) 


and  of  the  condition  on  the  wall  (■V'j,sO)j.aj.^ ,  wa  find  that  the 
redisi  velocity  e<iuals  zero  everjn-;here.  In  the  absence  of  mass 
fci'ces,  the  egiuotiori  of  motion  will  bo  vrritten  similsr.ly  to  (1.7) 
in  the  form 


Q*t)^  /  d'V^  i  di)^ 

^0  ~d^  ~  i  3r*  I-  dr 


(3.2) 


where  v*  is  the  coef.ficient  of  kinematic  viscosity. 

Owing  to  the  effect  of  viscosity  during  the  motion  of  the 
flow  along  axis  x^,  the  nonuniformity  of  tengential  velocities  will 
be  diminishing,  "^0,  and  the  profile  of  the  tangential 

velocity  v^n  approaches  the  law  of  the  rotation  of  solids, 

1:^  v^  x^here  t-*J  is  the  angular  velocity  of  rotation. 

The  process  of  balancing  some  given  small  nonuni foianity  of 
velocities  along  x  xvhen  Vy*r/'»^^1  (Vj,'  is  the  difference  of  the 
redial  velocity  from  zero)  is  defined  by  the  differential  equation 
(3.2)  the  solution  of  x^hich  is  carried  out  as  shown  in  Section  1. 


Id  the  particular  case  vhsn  the 

profiles  of  the  velocity 

vary  sioBg  a3d,8  x  ia  a  like  inaDner, 

the  velocity  profiles  ere  hefinea  by 

the  followiag  reliatioa  upoc  with- 

draval  from  the  source  of  the  flow  of 

rotation 


vl  ~  ter  -f  C(,  exp 

±]/^^Ti39 


’  (ifL 
L\  2v 


(3.3) 


Plus  sign  ia  the  relation  (3*3)  corresponds  to  x<0  and 
minus  sign  -  to  x:>0^  i.e*  the  laore  intensive  balancii^  of  the 
aonuniformity  of  the  tangential  velocities  occurs  ia  the  direstion 

opposite  the  flow  of  the  fluid#  *  .  ^  . 

It  follows  from  the  relation  (3 .3)  that  the  rate  of  balancing 
inereasee  with  the  diminution  of  the  auiaber  for  B®roVo/ . 

The  balaaciiig  of  the  paraisetei^s  of  the  rojbatioaal  turbuj^nt 
flow,  in  which  unlike  the  laminar  viscous  flow  J  attenuation 
will  be  inversely  proportional  to  x 


can  be  examined  in  a  similar  manner. 
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